Comparative static properties of the solution to an optimal nonlinear income tax problem are provided for a model in which the government both designs an income tax schedule for redistributive purposes and provides a public good optimally. There are two types of individuals, distinguished by their skill levels, who have the same quasilinear preferences for labour supply and the consumption of a private and a public good. The parameters for which comparative statics are obtained are the weights in a weighted utilitarian social welfare function, the prices of the private and public goods, a taste parameter that measures the onerousness of working, and the individual skill levels.
Introduction
There are relatively few comparative static results available for models of optimal nonlinear income taxation. Weymark (1987) has derived a number of comparative static properties of the solution to a finite population version of the Mirrlees (1971) nonlinear income tax problem for the case in which individual preferences are quasilinear. In the Mirrlees model, individuals only differ in their skill levels and the only role for the government is to design an income tax schedule for redistributive purposes. In this article, we extend Weymark's analysis by considering the implications for his results of adding public good provision as a second policy instrument for the government in an economy with two types of individuals.
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The main focus of the literature on optimal taxation with a public good has been the identification of conditions that characterize the optimal provision of the public good. In particular, considerable attention has been devoted to determining when the Samuelson (1954) Rule continues to hold in the absence of personalized lump-sum taxation, and to determining whether the Samuelson Rule leads to over-or under-provision when it is not optimal to employ this rule. Much of this analysis, which has its origins in the insightful discussion of Pigou (1947) on the use of distortionary taxes to finance public goods, has been conducted using models in which linear commodity taxes are the only available tax instruments. See Myles (1995) for an introduction to this literature.
Financing public good provision using nonlinear incomes taxes, either as a substitute for or as a supplement to commodity taxation, has been considered by Boadway and Keen (1993) , Christiansen (1981) , Edwards, Keen, and Tuomala (1994) , Mirrlees (1976) , Nava, Schroyen, and Marchand (1996) , and Tuomala (1990) , among others. When individuals have identical preferences and these preferences are represented by a strictly concave utility function, Christiansen (1981) and Boadway and Keen (1993) have shown that the Samuelson Rule for the optimal provision of a public good holds at the solution to the optimal nonlinear income tax problem if the utility function is weakly separable between consumption and labour supply.
2 As a consequence, the public good serves no redistributive purpose when these assumptions are satisfied. We show that these conclusions also hold when preferences are quasilinear.
As in the Mirrlees model, we assume that individuals differ only in their labour
1 Recently, a number of comparative static properties of optimal nonlinear income taxes when preferences are quasilinear have been developed for economies with only two possible skill levels. Hamilton and Pestieau (2005) have investigated the effects on the individuals' utilities of changing the skill distribution. Boadway and Pestieau (2004) have determined how the utility possibilities frontier responds to changes in the skill distribution and in the exogenous amount of revenue available for redistributive purposes. Cebreiro-Gómez (2002) has considered a two-country extension of the Weymark (1987) model and has identified the impact on the marginal tax rates faced by individuals of changing the producer prices in each of the countries.
2 In the absence of this separability assumption, Boadway and Keen (1993) have shown that whether the Samuelson rule leads to over-or under-provision of the public good depends on whether the public good is substitutable for or complementary to leisure.
productivities. Here, there are only two skill levels, as in Boadway and Keen (1993) , Edwards, Keen, and Tuomala (1994) , and Nava, Schroyen, and Marchand (1996) . Individuals supply labour and consume a private and a public good. Everyone has the same preferences and these preferences are represented by a quasilinear utility function that is linear in the amount of labour supplied. A linear production technology is used to produce the two consumption goods using labour in efficiency units as the sole input. The government, who knows the distribution of types, but does not know who has which skill level, chooses a nonlinear income tax schedule to maximize a weighted utilitarian social welfare function subject to a production-feasibility constraint and the constraint that each person's consumption bundle is optimal for him given the tax schedule.
The parameters that are varied in our comparative static analysis are (i) the weights in the social welfare function, (ii) the prices (marginal costs) of the private and public goods, (iii) a taste parameter that measures the onerousness of working, and (iv) the skill levels of the two individuals. We are interested in determining how a marginal change in each of these parameters affects the optimal consumptions, before-tax incomes, and the marginal tax rate faced by the low-skilled individual.
3 For each of our parameters, we are able to obtain comparative static results for the consumptions of the private and public goods and for the low-skilled individual's marginal tax rate. Some of the results for the consumption variables depend on how the marginal valuation of the public good varies in response to a change in the consumption of the private good. Unfortunately, our model yields only a few unambiguous comparative statics for the income variables.
With our quasilinear preference assumption, the optimal consumptions of the private and public goods can be obtained by solving a "reduced-form" optimization problem that only involves these variables. The optimal incomes are functions of these optimal consumptions. In models without a public good, similar reduced-form problems were developed by Lollivier and Rochet (1983) for a continuum of individuals and by Weymark (1986) for a finite population. Weymark's reduced-form problem was used by Weymark (1987) to help obtain his comparative static results. A feature of the private good model with quasilinear preferences is that an explicit solution exists for the optimal consumptions as a function of the underlying parameters. This is not the case when there is also a public good. As a consequence, we have to employ different techniques to analyse the comparative static properties of our reduced-form problem than does Weymark (1987) . We present our model in Section 2. In Section 3, we establish some properties of the solution to our optimal nonlinear income tax problem and show how the optimal allocation can be obtained using a reduced-form optimization problem for the consumption variables. In Section 4, we use the first-order conditions from the reduced-form problem to obtain a matrix that contains expressions showing how to optimally change each of the consumption variables in response to a marginal increase in each of our parameters. Using this matrix, we develop our comparative static results for the technology and preference parameters in Section 5 and for the skill levels and welfare weights in Section 6. Some possible extensions of our analysis are discussed in Section 7. Proofs of our results may be found in the Appendix.
The Model
There are two individuals, indexed by i = 1, 2. These individuals differ in ability, with an individual of type i possessing skill level w i .
4 It is assumed that 0 < w 1 < w 2 . As is customary in the nonlinear income tax literature, ability is interpreted as a measure of the effectiveness of an individual's labour input in producing goods. Individual i's labour supply in efficiency units is
where l i is i's actual labour supply in, for example, hours. Labour in efficiency units is a homogenous input that is used to produce a private good and a public good using a linear production technology. The input-output vector (l 1 , l 2 , c, g) ∈ R 4 + satisfies the economy's production constraint if
where c and g are, respectively, the quantities of the private and public goods produced.
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An allocation for this economy is a vector (y 1 , y 2 , c 1 , c 2 , g) ∈ R 5 + , where c i is i's consumption of the private good. Because 2 i=1 c i = c, it follows from (2.1) that (2.2) can be rewritten as
An allocation satisfying (2.3) is production feasible. The input and output markets are perfectly competitive. Thus, p is the producer price of the private good, q is the producer price of the public good, w i is person i's wage, and y i is i's before-tax income.
For each individual, a consumption bundle specifies this individual's labour supply and consumptions of the private and public goods. Both individuals have the same quasilinear utility function u : R 3 + → R, where
The function v is assumed to be twice continuously differentiable at all (c i , g) = (0, 0), continuous and nondecreasing on R 
The limiting assumptions on v ensure that the optimal tax problem has a solution and that both individuals have positive consumption of both goods in this solution. The taste parameter γ is assumed to be positive. In the absence of the public good, preferences that are quasilinear in labour supply have been used by Boadway, Cuff, and Marchand (2000) , Lollivier and Rochet (1983) , Rochet (1987) , and Weymark (1986 Weymark ( , 1987 , among others, to study optimal nonlinear income taxation.
7
Some of our comparative static results depend on the sign of the cross partial derivative v c i g (c i , g). From Young's Theorem, we can interpret this derivative as either (i) the rate at which the marginal valuation of the public good changes in response to a marginal increase in the consumption of the private good or (ii) the rate at which the marginal utility of private consumption changes in response to a marginal increase in the quantity of the public good.
Using (2.1), the utility function in (2.4) can be rewritten in terms of the variables y i , c i , and g that can be observed (and controlled) by the government. The resulting utility functionŨ i : R 3 + → R is person-specific and is given bỹ
Person i's marginal rate of substitution between income and private consumption is
The quasilinearity assumption implies that this marginal rate of substitution is independent of income. The strict concavity of v implies that i's marginal rate of substitution is increasing in private consumption. For a given value of g, the marginal rate of substitution is decreasing in w i , so in terms of income-private consumption pairs, preferences satisfy the Mirrlees (1971 )-Spence (1974 single-crossing property. Person i's marginal rate of substitution between public and private consumption is
As in (2.6), this marginal rate of substitution is independent of income. The taxation authority can observe the individual incomes and knows that one person has ability w 1 and one person has ability w 2 , but does not know who is of which type. Furthermore, it cannot observe either person's labour supply. As a consequence, the government must raise the revenue it requires to pay for the public good and to pursue its redistributive goals using an anonymous tax schedule. Individuals choose their mostpreferred income-consumption bundles from this schedule. Thus, an allocation must satisfy the familiar incentive-compatibility (self-selection) conditions:
Moreover, any allocation that satisfies (2.8) and (2.9) can be decentralized through the use of an anonymous taxation scheme. See, for example, Guesnerie and Seade (1982) or Guesnerie (1995) . An allocation that satisfies (2.8) and (2.9) is incentive compatible.
A well-known consequence of incentive compatibility is that c 1 ≤ c 2 (2.10) and y 1 ≤ y 2 , (2.11)
If (2.12) holds, the two individuals are said to be bunched. Individual tax liabilities are computed and collected on the basis of income, and any remaining personal income is spent on consumption of the private good. The value of private consumption by individual i is pc i , which is also i's after-tax income. The difference between aggregate before-and after-tax income is used to finance the provision of the public good. The government budget constraint is therefore given by
(2.13)
The equivalence of (2.3) and (2.13) follows from Walras' Law. The government has preferences over allocations represented by a weighted utilitarian social welfare function. That is, the social welfare function W : R 5 + → R is given by 14) where the welfare weights, α 1 and α 2 , are both positive and satisfy the monotonicity constraint introduced later in this section. As in Lollivier and Rochet (1983) and Weymark (1986 Weymark ( , 1987 , the analysis of the model can be simplified by working with the following transformations of the utility functions:
The representation of preferences given in (2.15) is linear in the privately-observable parameter w i .
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Using the transformed utilities in (2.15), the social welfare function in (2.14) can be rewritten as the function W : R 5 + → R given by 17) are the skill-normalized welfare weights. It is assumed that λ 1 > λ 2 . The economic interpretation of this inequality is discussed in Section 3. Note that this assumption is satisfied for a utilitarian social welfare; i.e., when α 1 = α 2 . Because the underlying social welfare ordering only depends on the relative welfare weights, it is convenient to normalize the weights in (2.17) so that
i.e., so that the average skill-normalized welfare weight is 1. Because the set of allocations that are incentive compatible is the same as the set of allocations that are achievable using anonymous tax schedules, the government's optimal nonlinear income tax problem can be described as follows.
The Optimal Nonlinear Income Tax Problem. The government chooses an allocation (y 1 , y 2 , c 1 , c 2 , g) ∈ R 5 + to maximize the social welfare function (2.16) subject to the production-feasibility constraint (2.3) and the incentive-compatibility constraints (2.8) and (2.9). Weymark (1986) has analyzed a multi-person version of the model presented in the preceding section, but without the public good. He solved this problem in two steps. First, for fixed consumptions of the private good that are weakly monotonic in the ability parameter (as required by incentive compatibility), he determined the optimal incomes. By substituting the optimal values for the incomes into the objective function, the production-feasibility constraint, and the self-selection constraints, Weymark obtained a "reduced-form" optimization problem that he used to solve for the optimal consumptions. Although all incomes are nonnegative at the solution to his optimal nonlinear income taxation problem, in order to avoid some technical complications that arise when the lowest type does not work, in the first step of his procedure, Weymark permitted some incomes to be negative for non-optimal values of the consumptions. As in Weymark (1986) , we develop a reduced-form optimization problem for our model with a public good to solve for the optimal consumptions. However, in contrast to his analysis, we only determine the optimal incomes corresponding to the optimal consumptions. We assume that the underlying parameters of our problem are such that it is optimal for everyone to have a positive income, thereby avoiding the boundary problems mentioned above.
Preliminary Results
We begin by determining which of the constraints bind at a solution to the optimal nonlinear income tax problem. As is standard in nonlinear income tax problems with a single budget constaint, it is optimal for the production constraint to bind.
10 When there are only two types of individuals, at most one of the self-selection constraints binds. Which, if any, of these constraints bind depends on the relative values of the skillnormalized welfare weights.
11 Our assumption that λ 1 > λ 2 implies that the optimal tax problem is redistributive, in the sense of Guesnerie (1995) . That is, in the neighbourhood of the optimal allocation, a redistribution of private consumption from the high-productivity individual to the low-productivity individual and/or a redistribution of before-tax income from the low-productivity individual to the high-productivity individual is socially desirable, but would violate the incentive-compatibility constraints. As a consequence, it is optimal for person two's, but not person one's, incentive-compatibility constraint to bind at the solution to the optimal tax problem. Because bunching can only occur if both incentive constraints bind, the individuals are not bunched.
) is a solution to the optimal nonlinear income tax problem withỹ 1 > 0, then p(c 1 +c 2 ) + qg =ỹ 1 +ỹ 2 , (3.1)
and
Furthermore, the individuals are not bunched in this allocation.
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The optimal nonlinear income taxation problem can be solved in two steps. First, the optimal values for the consumptions of the private and public goods are determined. Then, using these values, the optimal incomes are obtained by simultaneously solving (3.1) and (3.2).
Consider the function W : R 3 + → R given by
where
are the reduced-form welfare weights. The normalization λ 1 +λ 2 = 2 and the assumptions that λ 1 > λ 2 and w 2 > w 1 imply that β 2 > w 1 > β 1 .
In the following lemma, we show that when the production-feasibility constraint and person two's self-selection constraint both bind, the value of the social welfare function W at the allocation (y 1 , y 2 , c 1 , c 2 , g) is the same as the value of the function W at (c 1 , c 2 , g).
Lemma 2. If (y 1 , y 2 , c 1 , c 2 , g) satisfies (3.1) and (3.2), then
The function W is the objective function that is used to determine the optimal private and public consumptions in the first step of the two-step procedure described above. We refer to W as the reduced-form objective function. The description of the first-stage reduced-form optimization problem is completed by specifying its constraints.
The Reduced-Form Optimization Problem. The government chooses (c 1 , c 2 , g) ∈ R 3 + to maximize W (c 1 , c 2 , g) subject to the monotonicity constraint (2.10) on the private consumptions.
Lemma 3 shows that the solution to the reduced-form optimization problem is unique and that it is an unconstrained maximum of the reduced-form objective function W .
Lemma 3. There is a unique solution (c 1 ,c 2 ,g) to the reduced-form optimization problem. In this solution,c 2 >c 1 > 0 andg > 0.
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Proposition 1 shows that the optimal consumptions of the private and public goods are obtained by solving the reduced-form optimization problem, with the optimal incomes given by (3.8) and (3.9), provided that person one's optimal income is positive. Proposition 1. The allocation (ỹ 1 ,ỹ 2 ,c 1 ,c 2 ,g) is (i) a solution to the optimal nonlinear income tax problem withỹ 1 > 0 if and only if (ii) (c 1 ,c 2 ,g) solves the reduced-form optimization problem,
(3.9)
13 Because the solution to the reduced-form problem is strictly positive, in our comparative static analysis, we simply say that v is strictly increasing and strictly concave without adding the proviso that these properties of v only hold on R 2 ++ .
It follows from Proposition 1 and the fact that the reduced-form optimization problem has a unique solution that there is also a unique solution to the optimal nonlinear income tax problem.
The preceding results can be used to help interpret the weights β 1 and β 2 that appear in the reduced-form objective function. The wage w i measures the social value of an additional unit of utility for person i obtained from the consumption of either the private or the public good. In contrast, the weight β i measures the social value of an additional unit of utility for person i from the consumption of these goods, adjusted for the additional costs that this utility might impose through the tightening of an incentivecompatibility constraint. Because person two's incentive-compatibility constraint binds, the direct gains to social welfare from an increase in person one's private consumption are partly offset by the losses due to the tightening of the binding incentive constraint. For this reason, β 1 < w 1 . On the other hand, because person one's incentive-compatibility constraint does not bind, person two's private consumption can be increased without violating an incentive constraint, and so no adjustment to the social value of two's utility is needed; i.e., β 2 = w 2 .
Because none of its constraints bind, the first-order conditions for a solution to the reduced-form optimization problem are given by
These first-order conditions have simple interpretations. In both (3.10) and (3.11), the social marginal benefit of the good in question, suitably adjusted for incentive effects, is equated with social marginal cost. In the case of the public good, the social marginal benefit is obtained by adding each individual's contribution to the social benefit, whereas with the private good, their social benefits are considered separately. Social marginal cost is measured in terms of utility. Hence, the social marginal cost of a unit of the private (resp. public) good is equal to the value of the labour used to produce that unit, p (resp. q), multiplied by the marginal disutility of labour in efficiency units, γ. The qualitative features of the optimal values for the marginal rates of income tax and the rule governing the optimal provision of the public good can be obtained using the first-order optimality conditions (3.10) and (3.11). Optimal income tax schedules are non-differentiable when there are a finite number of individuals, so the marginal tax rate faced by an individual is best defined by considering a personalized, differentiable tax schedule that results in the same choice of labour supply and private consumption as is obtained with the actual anonymous tax schedule. If person i's tax schedule were smooth at his optimal choice, at the margin, for each additional dollar of before-tax income, he would obtain an additional MRS i yc (y i , c i , g) units of the private good. The value of this additional consumption is pMRS i yc (y i , c i , g). Hence, using (2.6), person i's effective marginal tax rate is given by
Because preferences are quasilinear, this tax rate only depends on i's consumption of the private and public goods. It is well-known that when preferences are strictly quasiconcave, it is optimal in a two-type economy for the low-productivity individual to face a marginal tax rate strictly between zero and one and it is optimal for the high-productivity individual to face a zero marginal tax rate. Further, as shown by Christiansen (1981, Proposition 1) and Boadway and Keen (1993, Corollary 1) , when preferences are weakly separable between the consumption of the private and public goods and labour supply, the Samuelson (1954) Rule for the optimal provision of the public good holds (the sum of the marginal rates of substitution between public and private consumption should equal the marginal rate of transformation between these two goods).
14 These properties of the solution to the optimal income tax problem are confirmed in Proposition 2 for the economy with quasilinear preferences considered here.
) is a solution to the optimal nonlinear income tax problem withỹ 1 > 0, then
A Comparative Static Matrix
The optimal allocation, and hence the choice of an optimal tax schedule, depends on the underlying parameters of the economy. In our model, these exogenous variables are (i) the preference parameter γ, which measures the onerousness of labour effort, (ii) the producer prices p and q, which characterize the production technology, (iii) the skill levels w 1 and w 2 of the two individuals, and (iv) the welfare weights α 1 and α 2 in the social welfare function W. We are interested in determining the qualitative properties of how the optimal allocation varies in response to marginal changes in these parameters.
14 In the absence of the separability assumption, an additional term is added to the right-hand side of (3.15) that takes account of the difference between the two individuals' marginal rates of substitution at person one's commodity bundle. We follow Christiansen (1981) and Boadway and Keen (1993) by using private consumption as the numeraire good. The form of the optimality condition for the public good is different if, as in Mirrlees (1976) and Tuomala (1990) , before-tax income is used as the numeraire; i.e., if the marginal rates of substitution in the optimality condition are between public good consumption and before-tax income. See Boadway and Keen (1993) for a detailed discussion of the numeraire issue. Weymark (1987) analyzed the comparative static properties of the optimal allocation for a multi-person version of our model in which there is no public good. When there is no public good, the analogue to the first-order condition (3.10) can be solved explicitly for person i's optimal consumption. Having explicit solutions for the optimal consumptions greatly facilitates the analysis of the comparative static properties of Weymark's model.
Without a specific functional form for v, it is not possible to explicitly solve the firstorder conditions (3.10) and (3.11) for the optimal allocation of the private and public goods. Nevertheless, the simplicity of the first-order conditions allows for a tractable analysis of the effects of changes in the parameters of our model of the economy on these variables. In the reduced-form optimization problem, the skill levels w 1 and w 2 and the welfare weights α 1 and α 2 only affect the optimal choice of the private and public consumptions through their effect on the reduced-form welfare weights β 1 and β 2 . In this section, we derive formulae that describe how to optimally change the three consumption variables in response to a marginal increase in p, q, γ, β 1 , and β 2 . These formulae are used in subsequent sections to determine the qualitative comparative static properties of our model.
For any positive values of the parameters q, p, γ, β 1 , and β 2 , we know from Lemma 3 that the reduced-form problem has a unique solution and that the optimal values for the three consumption variables are positive. Let F : R 5 ++ → R 3 ++ be the function mapping (q, p, γ, β 1 , β 2 ) to the optimal choice of (c 1 , c 2 , g). Let c *
In Proposition 3, we show that F is continuously differentiable and provide formulae for the partial derivatives of F .
Henceforth, the dependence of matrices and functions on the values of the arguments at which they are evaluated is suppressed in our notation. When necessary to avoid abiguities by doing so, we index derivatives with respect to g by the individual concerned. Thus,
We also let
The entries in the matrix DF in Proposition 3 are the partial derivatives of the solution functions c * 1 , c * 2 , and g * of the reduced-form optimization problem with respect to the five parameters. Our objective is to sign these partial derivatives. In order to do so, we need to find an explicit solution to (4.2).
Using the well-known formula for the inverse of a 3 × 3 matrix, we obtain
Using (4.7), the matrix A −1 B can now be computed. Because A −1 B is quite large, we present it column-by-column, with the following partition:
(4.13)
Each column in the partition of A −1 B in (4.8) contains the comparative static information with respect to the parameter for which the column is labelled. The rows of A −1 B contain the comparative static information for c * 1 , c * 2 , and g * , respectively. In the next two sections, we investigate the signs of the entries in the comparative static matrix A −1 B. Note that each of these entries contains a common factor, 1/|A|. In the course of proving Proposition 3, we have shown that |A| is negative.
Comparative Statics for the Technology and Preference Parameters
Henceforth, let (q,p,γ,ᾱ 1 ,ᾱ 2 ,w 1 ,w 2 ) ∈ R 7 ++ denote the initial values of the parameters that appear in our model and letā = (ȳ 1 ,ȳ 2 ,c 1 ,c 2 ,ḡ) denote the corresponding optimal allocation. We suppose thatȳ 1 (and, hence, every component ofā) is positive. For each of the parameters, our objective is to determine the direction of change in each of the components of the optimal allocation and in person one's marginal tax rate induced by a marginal increase in the value of the parameter.
15 Our strategy is to use the comparative static matrix A −1 B from Section 4 to sign the directions of change in the optimal consumptions of the private and public goods, (3.8) and (3.9) to sign the directions of change in the optimal before-tax incomes, and (3.12) to sign the direction of change in person one's marginal tax rate.
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In this section, we investigate the impact of marginal changes in the technology parameters p and q and the taste parameter γ on the solution to the optimal nonlinear income tax problem and on person one's marginal tax rate. Because the welfare weights and skill levels are being held fixed, it follows from (3.5) and (3.6) that the initial values of the reduced-form welfare weights,β 1 andβ 2 , are also being held constant.
Changing the Price of the Public Good
The considerable growth of the public sector in Western democracies from the end of the Second World War until the 1980s led some commentators to argue that the cost of government services increased relative to the cost of private sector activities over this period. In Canada, for example, the price index for government consumption increased faster than the overall price index from 1961 to 1990. 17 In our model, the implications of such a trend on optimal tax policy can be captured by considering the impact that a change in the producer price q of the public good has on the optimal allocation. Given the separability of preferences, the provision of the public good has no direct redistributive effects, so our comparative static results for changes in q can be interpreted more broadly as identifying the effects of an increase in the cost of non-redistributive programmes on the structure of the government's redistributive and non-redistributive programmes.
Proposition 4 presents our comparative static results for a change in the price of the public good.
Proposition 4. If person one's income is positive in the initial optimal allocation, then a marginal increase in the price q of the public good results in (i) a decrease in the optimal provision of the public good,
(ii) an increase in person i's optimal consumption of the private good if and only if i's marginal utility of private consumption is decreasing in the consumption of the public good at the initial allocation, i = 1, 2, and (iii) no change in the marginal income tax rate faced by person one.
The conclusion in part (i) of Proposition 4 is as one would expect. If the public good becomes more expensive, it is optimal to provide less of it.
Because of the separability in the reduced-form objective function, part (ii) of Proposition 4 can be interpreted using a first-best style of reasoning. For concreteness, consider the case in which the marginal utility of i's private consumption decreases with an increase in the provision of the public good. Recall from the discussion of (3.10) that at (c i ,ḡ), the social marginal benefit of an increase in person i's private consumption isβ i v c i and the social marginal cost isγp. Because the values of β 1 , γ, and p are unaffected by a change in the price of the public good, if i's consumption of the private good is held fixed when the provision of the public good falls in response to an increase in its price, then the social marginal benefit of i's private consumption exceeds it social marginal cost. Therefore, it is optimal to increase i's consumption of this good.
The conclusion in part (iii) of Proposition 4 that person one's marginal tax rate (not just the marginal tax rate of person two) is unaffected by a change in the price of the public good is quite striking. The reasoning used to establish this result applies to both individuals. An implication of (3.10), the requirement the social marginal benefit of an individual's private consumption should equal its social marginal cost, is that
Because the right-hand side of (5.1) does not depend on q, neither does its left-hand side. As a consequence, adjustments made to an individual's consumption of the private and public goods owing to a change in the price of the public good exactly offset each other in their effects on the marginal utility of his private consumption. Hence, from (3.12), there is no change in the marginal tax rate. Except in special cases, it is not possible to sign the effects on the optimal incomes of an increase in the price of the public good. Suppose that a marginal change in g has no effect on either individual's marginal utility of private consumption at the initial allocation. We know that in this case, it is optimal to decrease public good provision when q increases, but not to change private consumption. If the marginal utility of private consumption does not change at any level of consumption (not just atc 1 andc 2 ) when we decrease the public good level to its new optimal level (as would be the case if v is additively separable), then by (2.6), the indifference curves in income-private consumption space remain the same. As a consequence, person two's incentive-compability constraint still binds when g is decreased holding the other components of the allocation fixed. Thus, only the middle term in the equations for the optimal incomes, (3.8) and (3.9), is affected by the increase in q. Because preferences are quasilinear, to satisfy the production-feasiblity constraint with equality, the incomes of both individuals need to be increased (resp. decreased) by a common amount if the total cost qg of the public good has increased (resp. decreased).
If, however, the marginal utility of private consumption does change for some consumption levels different fromc 1 andc 2 (but not atc 1 andc 2 ), then the indifference curves in income-private consumption space change when g is decreased, and two's incentivecompatability constraint need not bind (nor even be satisfied). Thus, in this case, the value of the third term in (3.8) and (3.9) may not be invariant to a change in g. Holding y 1 at its initial value, y 2 must be increased (resp. decreased) to restore the satisfaction of two's incentive constraint with equality if the last term in (3.9) has increased (resp. decreased) before implementing a common change in the two incomes in order to satisfy the production-feasibility constraint with equality.
If a change in g does affect either individual's marginal utility of private consumption at the initial allocation, then it becomes necessary to take account of all of the terms in (3.8) and (3.9) when determining how the optimal incomes change. That is, when g decreases, we need to know what happens to the total cost of both private and public consumption and we need to know which responds more to the change in g, v c 1 or v c 2 . There is no reason, in general, for these effects to reinforce one another.
Changing the Price of the Private Good
In a version of our model without public good provision, Weymark (1987, Theorem 1) has shown that an increase in the producer price of the consumption good leads to a reduction in each person's consumption. Because preferences are quasilinear, there are no income effects associated with a change in p. Hence, as the opportunity cost of consumption in terms of leisure increases, it is optimal to economize on consumption. The situation is more complex in an economy with a public good for two reasons. First, an increase in the price of private consumption makes the public good relatively less expensive. At the same time, changes in private consumption may induce changes in the marginal valuation of the public good. Thus, the effect of an increase in p on the provision of the public good is not obvious. Moreover, the effects on private consumption need to be re-examined, especially if the provision of the public good affects the marginal utility of consumption.
Proposition 5 shows that it is possible to sign the effects on the consumptions of both goods when p increases provided that the signs of the change in the marginal valuation of the public good when private consumption increases are not different for the two individuals at the initial allocation. Furthermore, as in Proposition 4, there is no change in person one's marginal income tax rate.
Proposition 5. If person one's income is positive in the initial optimal allocation, then a marginal increase in the price p of the private good results in (i) a decrease in each person's optimal consumption of the private good and a decrease in the optimal provision of the public good if the marginal valuation of the public good is nondecreasing in private consumption at the initial allocation for both individuals and it is strictly increasing for at least one individual,
(ii) a decrease in each person's optimal consumption of the private good and an increase in the optimal provision of the public good if the marginal valuation of the public good is nonincreasing in private consumption at the initial allocation for both individuals and it is strictly decreasing for at least one individual, (iii) a decrease in each person's optimal consumption of the private good and no change in the optimal provision of the public good if the marginal valuation of the public good is independent of private consumption at the initial allocation for both individuals, and (iv) no change in the marginal income tax rate faced by person one.
In each of the three cases considered, an increase in the price of the private good results in a decrease in each person's optimal private consumption, just like in the model without the public good. Thus, the direct effect on private consumption of increasing the cost of the private good dominates any indirect effects caused by a change in the provision of the public good. Consider changing the private consumptions to their new lower optimal levels holding the quantity of the public good fixed. From (3.11), because the social marginal cost of the public good has not changed, we see that it is necessary to adjust g so as to restore the social marginal benefit of the public good to its original level. If, for example, the change in the marginal valuation of the public good induced by the reduction in private consumption is negative for both individuals, g must be adjusted so as to increase the social marginal benefit of the public good. Because v is strictly concave, this requires decreasing the provision of the public good. If these marginal valuations move in opposite directions, the overall effect on the social marginal benefit of the public good from reducing the private consumptions is indeterminate.
Proposition 5 is silent about the effects of a change in p on the optimal provision of the public good and on the optimal values of the private consumptions if the sign of the effect of an increase in private consumption on the marginal valuation of the public good differs between the two individuals. The reason for this ambiguity is clear from (5.1). For each individual i, because β i and γ are constant on the right-hand side of (5.1), the changes in the optimal allocation of public and private goods owing to an increase in p must result in an increase in the marginal utility of private consumption for both individuals. There are two means by which v c i can be increased: (i) by a decrease in private consumption or (ii) by a change in public good provision, the sign of which depends on the sign of v c i g at the intial allocation. Suppose, for the sake of argument, that v c 1 g < 0 and v c 2 g > 0 at the initial allocation, and that an increase in p leads to a reduction in c 1 . This results in a higher valuation of the public good by person one, which, all else equal, would tend to increase the optimal level of public good provision. This, in turn, results in an increase in the marginal valuation of consumption for person two. This increase may be of sufficient magnitude to ensure that (5.1) holds without a decrease in c 2 .
As we have seen, when p increases, person one's marginal utility of private consumption must also increase. However, it follows from (5.1) that the ratio of this marginal utility to p does not change. Thus, by (3.12), there is no change in person one's marginal tax rate.
As Weymark (1987) has shown, even without the public good, it is not possible to sign the effects of a change in p on the before-tax incomes. The situation does not improve with the presence of a public good.
Changing the Preference Parameter
Except for the last term in the reduced-form objective function (3.4), the taste parameter γ and the price p of the private good play symmetric roles. For this reason, in the absence of the public good, Weymark (1987) found that the comparative static effects on consumption are the same for both γ and p. However, the presence of the public good introduces an asymmetry between these two parameters, and this makes the analysis more complex. When p increases, only the the cost of producing the private good increases. However, when γ increases, the production of both goods becomes more onerous.
Proposition 6 summarizes our findings about the effects of an increase in γ on the optimal allocation. Proposition 6. If person one's income is positive in the initial optimal allocation, then a marginal increase in the preference parameter γ results in (i) no change in the marginal income tax rate faced by person one.
Furthermore, if the marginal valuation of the public good is nondecreasing in private consumption at the initial allocation for both individuals, then there is (ii) a decrease in each person's optimal consumption of the private good, (iii) a decrease in the optimal provision of the public good, and (iv) a decrease in the optimal aggregate before-tax income.
The parameters γ and p enter symmetrically into the formulae for the marginal tax rates in (3.12). Thus, the reasoning used to show that an increase in p has no effect on person one's marginal tax rate also applies for an increase in γ.
As (5.1) indicates, each person's marginal utility of private consumption must increase when γ increases, just as is the case when p increases. But now we must also increase the social marginal benefit of the public good in order to satisfy (3.11), for which a sufficient condition is that each person's marginal valuation of the public good increases.
First, consider the case in which the marginal valuations of the public good are independent of private consumption for both individuals. In order to increase the social marginal benefit of the public good, it is then necessary to decrease its provision. By Young's Theorem, this has no effect on either individual's marginal utilty of private consumption. Hence, to increase these marginal utilities, the private consumptions must decrease as well.
If these marginal valuations are both increasing in private consumption, decreasing the quantity of the public good lowers the marginal utilities of private consumption, thereby reinforcing the need to decrease both private consumptions in order to increase their social marginal values. Similarly, decreasing the consumptions of the private good reinforces the need to decrease the provision of the public good so as to increase its social marginal value. On the other hand, if these marginal valuations are both decreasing in private consumption, then the indirect effect of decreasing c i (resp. g) on v g (resp. v c i ) is positive, as required. But then it is indeterminate whether a decrease in g (resp. v c i ) is still needed for the overall effect on v g (resp. v c i ) to be positive.
For the case considered in parts (ii) to (iv) of Proposition 6, it is optimal to reduce the production of both the private and public goods. Because the parameters of the technology are being held fixed, in order to keep the production-feasibility constraint binding, it is therefore necessary to reduce the aggregate labour supply in efficiency units; i.e., the sum of the before-tax incomes must decrease. However, it is not possible to determine whether both individuals reduce their labour supply or not.
Comparative Statics for the Skill Levels and Welfare Weights
In this section, we investigate the comparative static properties of changes in the skill levels and the social welfare weights. From the definitions of the skill-normalized welfare weights λ 1 and λ 2 in (2.17), it can be seen that it is not possible to change just one skill level w i or one welfare weight α i without violating the normalization that the sum of the skill-normalized welfare weights is 2, which was used in our derivation of the first-order conditions for the reduced-form optimization problem. However, because the solution to the optimal nonlinear income tax problem only depends on the ratio of α 1 to α 2 , it is nevertheless possible to determine the comparative static properties of changing a single skill level or welfare weight using these first-order conditions. The solution to the optimal tax problem obtained by an increase in α i (resp. w i ) in the absence of the normalization rule is exactly the same as the solution obtained by first increasing α i (resp. w i ) by this amount and then proportionally reducing (resp. increasing) both α 1 and α 2 until the sum of the skill-normalized welfare weights is again 2. Henceforth, when we speak of changing a skill level or welfare weight, it should be understood that the welfare weights are always being renormalized in the way just described.
From the definitions of λ 1 and λ 2 in (2.17), the definitions of β 1 and β 2 in (3.5) and (3.6), the first-order conditions for the reduced-form problem (3.10) and (3.11), and the expressions for the optimal incomes (3.8) and (3.9), it can be seen that the effects of changing a skill level or welfare weight on the optimal allocation are mediated through their effects on the reduced-form welfare weights β 1 and β 2 , with changes in person one's skill level and in the welfare weights only affecting β 1 and changes in person two's skill level affecting both β 1 and β 2 . We begin by considering the parameters that only influence the optimal allocation through their effects on β 1 .
Changing the Welfare Weights and Person One's Skill Level
As a preliminary step in our analysis, we determine what can be said about the comparative static properties of β 1 without knowing whether the change in β 1 is due to a change in a skill level or a welfare weight.
18 If there is no public good, Weymark (1987, Proposition 5) has shown that an increase in an individual's reduced-form welfare weight increases that person's optimal consumption, but does not affect anybody else's consumption. The reason is that the terms containing the reduced-form welfare weights in the first-order conditions for private consumption are independent of each other. However, in the presence of a public good, these expressions may not be independent because, as (3.10) demonstrates, the quantity of the public good may affect everyone's marginal utility of private consumption. As a consequence, the comparative static analysis of an increase in person one's reduced-form welfare weight is more complex when there is a public good than when there is not.
The comparative static properties of an increase in β 1 are presented in Proposition 7.
Proposition 7. If person one's income is positive and his marginal valuation of the public good is nondecreasing in private consumption at the initial optimal allocation, then a marginal increase in person one's reduced-form welfare weight β 1 results in (i) an increase in the optimal provision of the public good,
(ii) an increase in person one's optimal consumption of the private good, (iii) an increase in person two's optimal consumption of the private good if and only if person two has a marginal valuation of the public good that is increasing in private consumption at the initial allocation, and (iv) an increase in the optimal aggregate before-tax income if person two has a marginal valuation of the public good that is nondecreasing in private consumption at the initial allocation.
An increase in the reduced-form welfare weight β 1 of person one has no effect on the social marginal cost of either the private or public good in the reduced-form problem. Furthermore, at the initial allocation, raising β 1 increases both the social marginal benefit of person one's private consumption and of the public good, but has no effect on the social marginal benefit of person two's private consumption. Because the social marginal benefits of person one's private consumption and of the public good exceed their social marginal costs at the initial allocation, one would expect that it is optimal to increase both of these variables. Proposition 7 validates this intuition provided that person one's marginal valuation of the public good is nondecreasing in his private consumption at the initial allocation.
In order to satisfy the first-order conditions (3.10) and (3.11), it is necessary to reduce person one's marginal utility of consumption and hold constant person two's marginal utility of consumption when β 1 is increased. It is also necessary to adjust the two individuals' marginal valuations of the public good so as to restore the social marginal benefit of the public good to its original value. If the marginal valuations of the public good are independent of private consumption for both individuals, the only way to achieve these objectives is to increase both c 1 and g and to not change c 2 .
If, however, the marginal valuations of the public good are not independent of private consumption, we also need to take account of the indirect effects of changing c i (resp. g) on v g i (resp. v c i ). If v c 1 g is positive, raising g increases v c 1 , which necessitates an increase in c 1 in order to lower this marginal utility below its original value. On the other hand, if contrary to our assumption, v c 1 g is negative, then raising g decreases v c 1 , and it is no longer clear whether we need to increase or decrease c 1 in order to equate the social marginal benefit and social marginal cost of one's private consumption. These conclusions are reinforced by considering the effects of increasing c 1 on the optimal provision of the public good. If v c 1 g is positive, raising c 1 further increases the social marginal benefit of the public good, which, for fixed c 2 , requires increasing g to restore the equality between the social marginal benefit and the social marginal cost of the public good. On the other hand, if v c 1 g is negative, it is not clear how g must be changed to restore this equality.
Of course, we also need to consider possible changes in the value of c 2 . Proposition 7 shows that the indirect effects of changing c 2 are never strong enough to reverse our conclusion that g should be increased. Because g is increased, in order to offset its effect on v c 2 , c 2 must be increased if and only if the marginal utility of person two's private consumption is increasing in g, which, by Young's Theorem, is equivalent to the statement in part (iii) of Proposition 7.
For the case considered in part (iv), it is optimal to increase the production of both the private and the public good. Because the parameters of the technology have not changed, this necessitates an increase in the supply of labour in efficiency units or, equivalently, an increase in the sum of the before-tax incomes.
We now explicitly consider the implications of changing the welfare weight α 1 and the skill level w 1 . Substituting (2.17) for i = 1 into (3.5), after some algebraic manipulations, β 1 can be rewritten as
Consider increasing α 1 with a compensating proportional reduction in both α 1 and α 2 so as to keep λ 1 +λ 2 = 2. Because the net change in α 1 is positive and w 2 > w 1 , (6.1) implies that β 1 decreases. Now consider increasing w 1 followed by a compensating proportional increase in the welfare weights α 1 and α 2 . Because the net change in λ 1 = α 1 /w 1 is negative, (6.1) implies that β 1 increases. Moreover, changes in w 1 or λ 1 do not affect the value of β 2 and they only influence the optimal consumptions of the private and public goods through the effects they have on β 1 . Thus, all of the comparative static results presented in Proposition 7 also hold for an increase in w 1 or a decrease in α 1 .
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When an increase in β 1 is due to a decrease in α 1 holding the skill levels fixed, we know from the first-order condition (3.10) that v c 1 must decrease to compensate for the increase in β 1 . Thus, from (3.12), person one's marginal tax rate must decrease. The set of feasible utility pairs (u 1 , u 2 ) does not depend on the welfare weights. With a weighted utilitarian social welfare function, it cannot be optimal to make person one better off if the relative weight on his utility is decreased. When α 1 is decreased, we know that it is optimal to increase person one's consumption of both goods if his marginal valuation of the public good is nondecreasing in private consumption at the initial optimal allocation. Thus, in order not to increase his utility, he must work more; i.e., his before-tax income must increase. The effect of changing α 1 on person two's income is ambiguous. Person two must be no worse off, but because his consumption of the public good increases, changes in either direction in his private consumption and before-tax income are compatible with an increase his utility.
20
The preceding discussion of the comparative static properties of changing α 1 is summarized in Proposition 8, with the new results stated in terms of an increase in α 1 . Furthermore, if his marginal valuation of the public good is nondecreasing in private consumption at the initial optimal allocation, then the comparative static results presented in Proposition 7 for a marginal increase in β 1 also hold for a marginal decrease in α 1 . In addition, a marginal increase in α 1 results in (ii) a decrease in person one's optimal before-tax income.
We have already shown that ∂β 1 /∂w 1 > 0.
21 In order to help determine the effect of increasing person one's skill level on his marginal tax rate, we show that this derivative is, in fact, greater than 1.
We first need to determine by how much the welfare weights need to be scaled when a skill level is changed in order to satisfy our normalization (2.18). Letᾱ 1 ,ᾱ 2 ,w 1 , and w 2 be the initial values of the welfare weights and skill levels and let κ be a scaling factor that is applied toᾱ 1 andᾱ 2 so that (2.18) is satisfied when w i , i = 1, 2, is increased. That is, κ is chosen so that
Using the Implicit Function Theorem, it is straightforward to show that
where this derivative is evaluated at κ = 1. To show that ∂β 1 /∂w 1 > 1, we use (2.17) and (2.18) to rewrite β 1 as 2, in (6.3) , it then follows from (6.3) and (6.4) that
Because w 2 > w 1 and λ 1 = α 1 /w 1 > 1, (2.18) and (6.5) imply that
From the first-order condition (3.10), we know that v c 1 decreases and β 1 v c 1 does not change when w 1 is increased. Because w 1 > β 1 , (6.6) then implies that
Thus, by (3.12), person one's marginal tax rate decreases when his skill level increases. Without further assumptions, it does not appear to be possible to sign the effects on incomes of changing w 1 . Our comparative statics for a change in person one's skill level are presented in Proposition 9. Furthermore, if his marginal valuation of the public good is nondecreasing in private consumption at the initial optimal allocation, then the comparative static results presented in Proposition 7 for a marginal increase in β 1 also hold for a marginal increase in w 1 .
Changing Person Two's Skill Level
Because it is optimal for the incentive-compatibility constraint of person two, but not person one, to bind, the two skill levels, w 1 and w 2 , enter asymmetrically in the reducedform objective function (3.4); w 1 only affects the value of β 1 , whereas w 2 affects the values of both β 1 and β 2 . Because β 2 = w 2 , an increase in w 2 increases β 2 by the same amount.
From (6.3) and (6.4), it follows that
To sign this derivative, first note that
Because w 2 > w 1 and λ 2 = α 2 /w 2 < 1, we have (6.10) where use has been made of (2.18). Thus, ∂β 1 /∂w 2 < 0. When β 1 decreases, person one's marginal utility of private consumption must increase in order to satisfy the first-order condition (3.10). Hence, by (3.12), person one's marginal tax rate increases in response to an increase in person two's skill level.
We have shown that a change in w 2 moves β 1 and β 2 in opposite directions, rendering the effects of a change in this parameter on the optimal allocation difficult to sign. A simple description of the effects of changing w 2 on the optimal consumptions only appears to be available for the special case in which private and public consumption are additively separable in the utility function. Proposition 10 presents our comparative static results for a change in person two's skill level.
Proposition 10. If person one's income is positive at the initial optimal allocation, then a marginal increase in person two's skill level w 2 results in (i) an increase in person one's marginal tax rate.
Furthermore, if the function v is additively separable, then there is
(ii) an increase in the optimal provision of the public good, (iii) a decrease in person one's optimal consumption of the private good, and (iv) an increase in person two's optimal consumption of the private good.
With additively separable preferences, the consumption of the public good has no effect on the marginal utility of private consumption. Because an increase in w 2 decreases β 1 (resp. increases β 2 ), it is necessary to decrease c 1 (resp. increase c 2 ) in order to raise v c 1 (resp. lower v c 2 ) so that the social marginal benefits of these goods are held constant, as required by the first-order condition (3.10).
The intuition for the effect of a change in w 2 on the optimal provision of the public good is less straightforward. Because private consumption has no effect on the marginal valuations of the public good, the level of provision of this good is the only instrument available to keep the marginal social benefit of the public good from changing when w 2 is increased, as required by the first-order condition (3.11). Because both individuals have the same additively separable utility function for the two consumption goods, they also have the same marginal valuation of the public good. As a consequence, the provision of the public good should be increased if and only if the sum β 1 + β 2 of the reduced-form welfare weights is increased. Because β 2 = w 2 , (6.8) implies that
Hence, an increase in w 2 increases the overall social marginal value of the public good and, therefore, provision of the public good should be increased. It is clear from the preceding discussion that the additive separability of v plays an important role in establishing part (ii) of Proposition 10. For more general utility functions, even if the results described in parts (iii) and (iv) continue to hold, the net effect of changing the private consumptions on the social marginal valuation of the public good is difficult to sign.
Even with additively separable preferences, it is not possible to determine how the before-tax incomes should change when w 2 is increased. Parts (iii) and (iv) of Proposition 10 together with the separability assumption imply that the last term in (3.8) (resp. (3.9)) increases (resp. decreases) when w 2 is increased. Part (ii) of Proposition 10 implies that the second term in these expressions increases. However, because it is optimal to move c 1 and c 2 in opposite directions, the sign of the first term is indeterminate.
Concluding Remarks
As we have seen in our discussion of Proposition 10, if it is assumed that the function v is additively separable, then the first-order equations (3.10) and (3.11) are independent of each other. It is then possible to use these equations to obtain explict solutions for the optimal values of the consumptions variables as functions of the exogenous parameters, which facilitates the analysis of the comparative static properties of the optimal nonlinear income tax problem. A number of these properties can be obtained as special cases of our theorems by simply assuming that v c i g = 0 for i = 1, 2 at the initial allocation.
A natural extension of our analysis would be to consider more types of individuals. Weymark (1987) has provided fairly extensive comparative static results for an arbitrary finite number of skill levels when there is no public good. There are grounds for believing that some unambiguous comparative statics can also be obtained for a multi-type version of our model. With more types, it remains optimal for the production-feasibility constraint to bind and, if the skill-normalized welfare weights are declining in the skill level, it is also optimal for all of the adjacent downward self-selection constraints to bind. This permits us to solve for the optimal values of the private and public goods using a reduced-form optimization problem. The objective function in this problem has the same general form as here; we simply add a social benefit term for each additional type and replace c 1 + c 2 with the sum of the individual private consumptions. An individual's reduced-form welfare weight would now depend on the sum of his skill-normalized welfare weight and the skill-normalized welfare weights of all individuals of lower ability. Provided that there is no bunching at the initial optimal allocation, the first-order optimality conditions for private consumption have the same form as in (3.10), and the first-order optimality condition for public good provision has an additional term for each additional type.
The comparative static properties of our model for the consumptions of the private and public goods are contained in the comparative static matrix A −1 B given in (4.8). Except for the last row and column, the A matrix only has non-zero entries on the main diagonal. Similarly, the B matrix contains a submatrix that only has non-zero entries on its main diagonal. These properties of A and B carry over to their multi-type analogues. It is the sparseness of these matrices that suggests that some of our results can be generalized to more skill types.
Although our theorems carry over quite straightforwardly to an arbitrary number of individuals of each type, by not explicitly including the number of each type in our model, we are unable to consider how the optimal allocation or the marginal tax rate of the low-skilled individuals varies with respect to a change in the distribution of types. As noted in Section 1, in models without a public good, Hamilton and Pestieau (2005) and Boadway and Pestieau (2004) have analyzed the impact of changing the skill distribution on, respectively, the individual utilities and the utility possibilities frontier. It would be of interest to see how changing the proportions of each type affects the optimal allocation and the optimal marginal tax rates both with and without public good provision.
As is the case with most of the optimal taxation literature that adopts a quasilinear functional form for the common individual utility function, we have assumed that it is labour supply that enters linearly in this function. The methododolgy that is used here can also be used to derive comparative static results when, instead, it is private consump-tion (the other personalized choice variable) that enters linearly. Using the observation that it is optimal for the production constraint and the self-selection constraint of the high-productivity individual to bind, there is a reduced-form optimization problem analogous to the one described in Section 3 that can be used to first solve for the optimal before-tax incomes and public good supply, with these values then used to determine the optimal private consumptions. With either form of quasilinearity, it is the variables that are determined using the first-stage reduced-form optimization problem for which one expects to get the most clear-cut comparative static results.
An obvious limitation of our analysis is the restriction to quasilinear preferences. For a non-separable preference version of the private good model considered by Weymark (1987 ), Röell (1985 has shown that it is optimal for the downward self-selection constraints to bind when the social welfare function is an increasing, symmetric, and concave function of the individual utilities. It is also optimal for the production-feasibility constraint to bind. The same reasoning applies when there is a public good. Thus, in principle, it is possible to use these binding constraints to solve for the optimal incomes as a function of the optimal private and public consumptions, and thereby obtain a reduced-form problem to solve for the optimal values of the consumption variables. For cases in which it is possible to obtain an explicit functional form for this reduced-form problem, techniques similar to those employed here could be used to see if the first-order conditions of this problem yield any unambiguous comparative statics. Given the continuity of the optimal values of the choice variables in terms of the exogenous parameters, one would expect that our comparative static results would continue to hold for a nonseparable utility function that is in some sense "close" to being quasilinear. However, if the two consumption goods are not separable from labour in the utility function, then the Samuelson Rule for the optimal provision of the public good no longer holds, which suggests that any comparative statics that are obtained for a utility function that is not "close" to being quasilinear need not have the same signs as those obtained here. which contradicts the optimality ofã.
(ii) Next, we show that the higher-productivity individual's self-selection constraint binds. By assumption,ã satisfies (2.9). Suppose, by way of contradiction to (3.2), that
Becauseỹ 1 > 0, there exists an ε > 0 such that
Consider the allocationâ = (ŷ 1 ,ŷ 2 ,ĉ 1 ,ĉ 2 ,ĝ) = (ỹ 1 − ε,ỹ 2 + ε,c 1 ,c 2 ,g). Because utility is decreasing in income andã satisfies (2.8), so doesâ. Becauseã satisfies (2.3) and total income is unchanged,â also satisfies (2.3). By (2.15) and (2.16),
which contradicts the optimality ofã.
(iii) While it is possible to provide a direct proof that the low-productivity individual's self-selection contraint does not bind, an indirect proof is simpler. In the course of proving Proposition 1, we show that (3.3) holds. The no-bunching result follows immediately from (3.2) and (3.3).
Proof of Lemma 2. Because a = (y 1 , y 2 , c 1 , c 2 , g) satisfies (3.2),
Thus, by (2.15) and (2.16),
Using the normalization in (2.18), (A.8) can be rewritten as
Note that
Hence, (A.9) implies that
Using (A.7) in (A.11), it follows that
Because a satisfies (3.1), (A.12) implies that
where use has been made of the fact that β 2 = w 2 . Thus, W(a) = W (c 1 , c 2 , g), as required.
Proof of Lemma 3. Because the partial derivatives of v approach infinity as either argument goes to zero, if (c 1 ,c 2 ,g) solves the reduced-form problem, thenc 1 ,c 2 , andg are positive. Because the reduced-form objective function is strictly concave on R 2 ++ and continuous on R 2 + , the partial derivatives of v approach zero as either argument goes to infinity, and the constraint set in the reduced-form optimization problem is defined by linear inequalities, this problem has a unique solution. An immediate implication of the fact that β 2 > β 1 is that the monotonicity constraint (2.10) does not bind at the optimum.
Proof of Proposition 1. First note that (3.2) can be rewritten as
(A.14)
By adding the expressions in (3.8) and (3.9), it is then clear that these equalities are equivalent to (3.1) and (3.2). Suppose thatã = (ỹ 1 ,ỹ 2 ,c 1 ,c 2 ,g) is the allocation identified in part (ii) of Proposition 1. The preceding discussion shows that the production-feasibility constraint and person two's incentive-compatibility constraint both bind. From Lemma 3, we know thatc 2 >c 1 at a solution to the reduced-form problem. Because v is increasing in its first argument, the income in (3.9) is larger than the income in (3.8). Single-crossing then implies thatã satisfies person one's incentive-compatibility constraint with a strict inequality. Thus,ã satisfies all of the constraints of the optimal nonlinear income tax problem. The equivalence of the allocations in parts (i) and (ii) of Proposition 1 now follows from Lemma 2 and the two equalities in Lemma 1.
Proof of Proposition 2. (i) It follows from (3.10) that γp
Because β 1 < w 1 , (3.12) and (A.15) imply that
Because all the quantities in the second term on the right-hand side of (3.12) are positive, (A.16) establishes (3.13).
(ii) By definition, β 2 = w 2 . Hence, (3.14) follows directly from (3.12) and (A.15).
(iii) It follows from (3.10) that
Dividing each term in (3.11) by γp and using (A.17) implies that
Using (2.7) in (A.18) and simplifying, we obtain (3.15).
Proof of Proposition 3. Implicit differentiation of (3.10) and (3.11) yields
Because v is twice continuously differentiable, the middle expressions of (3.10) and (3.11) are continuously differentiable functions of the eight variables c 1 , c 2 , g, q, p, γ, β 1 , and β 2 . Consider any (q,p,γ,β 1 ,β 2 ) ∈ R 5 ++ . Provided that A is invertible at (q,p,γ,β 1 ,β 2 ), it follows from the Implicit Function Theorem that there exists a neighbourhood N contained in R 5 ++ of (q,p,γ,β 1 ,β 2 ) and a unique continuously differentiable functionF : N → R 3 ++ mapping (q, p, γ, β 1 , β 2 ) to (c 1 , c 2 , g) for which (F (q, p, γ, β 1 , β 2 ), q, p, γ, β 1 , β 2 ) solves (3.10) and (3.11) for all (q, p, γ, β 1 , β 2 ) ∈ N .
22 Because the functionF is unique, it must therefore coincide with F on N . Thus, to show that F is continuously differentiable, it only remains to show that A is invertible at any (q, p, γ, β 1 , β 2 ) ∈ R 5 ++ . In order to establish that A is invertible, it suffices to show that A has a non-zero determinant. Performing the Laplace expansion along the first row of A yields
Strict concavity of v implies that each term in square brackets in the second line of (A.20) is positive and that v c i c i < 0 for i = 1, 2. Thus, |A| < 0. Multiplying both sides of (A.19) by A −1 yields (4.2).
Proof of Proposition 4. By the final row of (4.9),
Strict concavity of v ensures that the numerator on the right-hand side of (A.21) is positive. In the proof of Proposition 3, we have shown that |A| is negative. Thus, ∂g * /∂q < 0, which establishes part (i). The first and second rows of (4.9) show that
By the strict concavity of v, v c i c i < 0 for i = 1, 2. Because |A| < 0, the fraction that multiplies v c i g on the right-hand side of (A.22) is positive. Hence, ∂c * i /∂q has the opposite sign as v c i g , which establishes part (ii).
The chain rule and (4.9) imply that at (c * 1 (q, p, γ, β 1 , β 2 ), g * (q, p, γ, β 1 , β 2 )),
It then follows from (A.23) and (3.12) that the marginal tax rate faced by person one is invariant to the increase in q, which establishes part (iii). By the strict concavity of v, each of the first two terms in braces on the right-hand sides of (A.24) and (A.25) are positive. In each of the three cases considered in the Proposition, the last terms in these braces are nonnegative. Thus, because |A| < 0, (A.24) and (A.25) imply that the optimal private consumption of each individual falls when p increases in parts (i) to (iii).
In part (i), both v c 1 g and v c 2 g are nonnegative and at least one of these partial derivatives is positive. Thus, both terms in braces in (A.26) are nonpositive and at least one of these terms is negative. Because |A| < 0, it then follows from (A.26) that the optimal provision of the public good decreases when p increases.
Simply replacing "nonpositive" with "nonnegative" and "positive" with "negative" in the preceding argument shows that the optimal provision of the public good increases when p increases in part (ii).
In part (iii), both v c 1 g = 0 and v c 2 g = 0. Thus, the numerator on the right-hand side of (A.26) vanishes and the optimal provision of the public good does not change when p increases.
Because neither γ nor β 1 has changed, it follows from (3.10) that p/v c 1 does not change either. Hence, by (3.12), the marginal tax rate faced by person one is invariant to the increase in p, which establishes part (iv). By the strict concavity of v, the first term in braces on the right-hand sides of (A.27) and (A.28) are positive and all of the own second partial derivatives of v are negative. By assumption, v c 1 g and v c 2 g are nonnegative. Hence, the numerators on the right-hand sides of (A.27), (A.28), and (A.29) are all positive. Because |A| < 0, it then follows that all three of the partial derivatives in these equations are negative, which establishes parts (ii) and (iii).
Because the optimal values of c 1 , c 2 , and g all decrease when p is increased, the sum of the two before-tax incomes must also decrease in order for the production-feasibility constraint to bind, which establishes part (iv).
Proof of Proposition 7. By the last row of (4.12), we have By assumption, v c 1 g ≥ 0. Thus, the increasingness and strict concavity of v imply that the first term in the numerator of the right-hand side of (A.30) is nonpositive and the second term is positive. Thus, this numerator is negative. Because |A| < 0, it then follows from (A.30) that the optimal provision of the public good increases when β 1 increases, which establishes part (i). The first row of (4.12) and the definition of µ imply that Strict concavity of v implies that the expression enclosed in braces on the right-hand side of (A.31) is positive. Thus, the first term in the numerator in this fraction is negative. By assumption, v c 1 g ≥ 0 and, hence, the increasingness and strict concavity of v imply that the second term in the numerator is nonpositive. Therefore, the entire numerator is negative. Because |A| < 0, it then follows from (A.31) that person one's optimal consumption of the private good increases when β 1 increases, which establishes part (ii). The second row of (4.12) implies that Because, by assumption, v c 1 g ≥ 0, the increasingness and strict concavity of v imply that the numerator in the fraction that appears on the right-hand side of (A.32) is negative. Thus, this fraction is positive because |A| < 0. Hence, the sign of ∂c * 2 /∂β 1 is the same as the sign of v c 2 g , which establishes part (iii).
When both v c 1 g and v c 2 g are nonnegative, we have shown that the optimal values of c 1 and g decrease and the optimal value of c 2 does not increase when β 1 is increased. Because the technology parameters p and q are being held fixed, the sum of the two before-tax incomes must decrease in order for the production-feasibility constraint to bind, which establishes part (iv).
Proof of Proposition 10. Part (i) has already been established in the main text.
By the chain rule, Because |A| < 0, it follows from the increasingness and strict concavity of v that both the numerator and denominator in the fraction on the right-hand side of the last line in (A.36) are negative. By (6.11), it then follows that this derivative is positive, which establishes part (ii). Because v c 1 g = 0 and v c 2 g = 0, the second row of (4.13) vanishes. Hence, from (A.33), Proposition 7 applies because v c 1 g is nonnegative. Hence, ∂c * 1 /∂β 1 > 0. But ∂β 1 /∂w 2 < 0, so the expression in (A.37) is negative, which establishes part (iii).
An analogous argument using the first row of (4.12) shows that ∂c The reduced-form welfare weights enter symmetrically in the reduced-form optimization problem. Consequently, the comparative statics of β 1 and β 2 are identical once the roles of the two individuals are permuted. Thus, it follows from Proposition 7 that ∂c * 2 /∂β 2 > 0, which establishes part (iv).
